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Sensor and Actuator Selectlon |
for Large Space Structure Control

M. L. DeLorenzo
Air Command and Staff College, Maxwell Air Force Base, Alabama

This paper presents an algoritlmi that aids the controls engineer in specifying a sensor and actuator ¢onfigu—
ration for regulation of large-scale, linear, stochastic systems such as a large space structure model. The algo-
rithm uses a linear quadratic Gaussian controller, an efficient weight-selection technique based on successive
approximation, and a measure of sensor and actuator effectlveness to specify a final sensor and actuator
configuration. This conflguratlon enables the closed-loop system to meet output specifications with minimal

-input power. The algorithm involves no complex gradient calculatlons and is numerically tractable for large
linear models, as demonstrated by the solar optical telescope example i in this paper. Additionally, the algorithm
provides the controls engineer with information on the important désign issues of actuator sizing, reliability,

redundancy, and optimal number.

1. Introduction

HE advent of the Space Shuttle makes the large space

structure (LSS) an imminent reality. These future space
structures will be measured in kilometers and, of necessity, will
be lightweight and highly flexible (light damping). Standard
LSS missions will include power generation, surveillance, as-
tronomy, and communications. These missions- will require
stringent pointing accuracy, shape control, and vibration sup-
pression. To satisfy these demanding mission requirements,
the LSS will almost certainly require an active, regulator-type
controller with multiple sensors and actuators located
throughout the structure.!-® Furthermore, given the size of an
LSS, there will be a large set of admissible sensor and actuator
locations. The controls engineer then faces the problem of
selecting a limited number of sensor and actudtor locations to
‘‘best achieve”” the LSS mission. The term ‘‘best achieve’’ in
this paper means achieving the LSS output specifications with
minimal actuator power.

The solution to this sensor and actuator selection (SAS)
problem needs at least the following ingredients: 1) A specific
closed-loop control law structure; 2) a technique for systemat-
ically adjusting (tuning) coiitrol law parameters to achieve
output specifications with minimal power; and 3) a technique
to evaluate the effectiveness of possible sensor and actuator
configurations in achieving outpuit speaflcatlons with minimal
power.

This paper incorporates the precedmg mgred1ents into an
algorithm that solves the SAS problem for an LSS modeled as
a linear stochastic system. Some nécessary background infor-
mation on linear stochastic systems and linear quadratic Gaus-
sian (LQG) control theory are presented in Sec. II along with
a formal statement of the SAS problem. Section III contains
two important selection theorems, four pertinent facts, and
the general flow of the SAS algorithm. Results from the SAS
algorithm applied to the controller design for a large space
telescope are presented in Sec. IV, and Sec. V contains con-
cluding remarks.
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1I. Background

The SAS algorlthm presented in this paper addresses the
cotitrol of an LSS described by the following linear stochastic
model;

%(t) = Ax(t) + Bu(t) + Dw(t), x€R", uéR™, weR? (la)

x(to) = %, (1b)
=[8 p]. wo=[wo wo| (1c)
J(t) = Cx(r), yeR* (system ouitputs) (1d)

z(t) = Mx(t) + v(t), z€R' (system measurements) (le)

with noise characteristics

E| w@ | [x] w0070
v{t) ]
(X, 0 0
=0 WwWst-7 0 2
0 0 Vet )
Bx,=0, Ew(t)=0, Ev(f)=0, w>0, v>0

The notation R’ 1mp11es a real vector space of dlmensxon i. The
expectation operator is denoted by E. The superscript T repre-
sénts matrix trahsposition. The Dirac delta function is denoted
by &; and W >0 1mp11es W is a positive definite matrix. The
n- d1mens1onal vector x(¢) represents the state of the system;
while the m- -dimensional vector u (£) contams actuator 31gna1s
The regulated system otitputs are defined by the k-dimensional
vector y(t), and the /-dimensional vector z(t) represents the
system measurements (sensor information). The white-noise
vector process w(f) represents unmodeéled system béhavior
D,w,(t) and unmodeled actuator behavior Bw,(¢). Unmod-
eled sensor behavior is accounted for by the white-noise vector
process v(#). The matrices A, B, C, D, M, W, and V are
time-invariant and appropriately dimensioned. The matrix B
has no zero columns, and the matrices C and M have no zero
rows. Furthermore, the matrices A, B, C, D, and M satisfy
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the following stabilizability and detectability conditions:
stabilizable: (4,B), (4,D) ‘ 3a)
detectable: (A,C), (A,M) (3b)

For simplicity, the miodel described by Eqgs. (1-3) will be
identified by S(n,k,m,l). The arguments n, k, m, and [ rep-
resent the number of system states, outputs, actuators, and
sensors, respectively.

S(n,k,m,l) specifications usually take the form

hmEy, ) = Ey? <o, i=12,...,k “)

hmEu, O=Eu?<p?, i=12,....m o)
where y; represents the ith output for the system and u; repre-
sents the ith input. The quantities o%, Ih are mean square or
variance constraints on the ith output and input. These speci-
fications are ideally suited for the LSS case where y; could
represent a line-of-sight pointing error, a deflection from a
desired shape, etc., and u; could be the output from a thruster,
torque actuator, etc. )

The ingrediénts of the SAS solution stated in Sec. I require
the choice of a specific closed-loop control law that is readily
adjusted to meet the output specifications with minimal
power. LQG control theory provides such a law. This théory
originated in the 1960’s with the foiundational work of
Kalman, Bucy, and others. Since that time, many papers and
texts have been written, further clarifying and expanding the
theory. References 7-9 are a few examples. The following
paragraphs present the fundarmental results of the theory.

For a system S(n,k,m,l), LQG theory guarantees a stable,
steady-state, closed-loop control system minimizing

V=E.(»"Qy + u"Ru) (6a)
or
k m
V=Y E.ylq: + Y Exufr; (6b)
i=1 i=1

where g; and r; are the ith diagonal entries of the arbitrary,
diagonal, and positive definite weighting matrices Q and R.
The defining equations for this steady-state controller are

u(t) = —R "'BTKi(t) = Gx(t) (7a)
) = AZX@) + Fz (1), F=PMTy-!
A=A +BG —FM, xt)=x, (7b)

Steady-state control Riccati equation:

KA + ATK —KBR-'B'K + CTQC =0 (7c)
Steady-state filter Riccati equation:

PAT + AP - PMTV-'MP + DWDT=0 (7d)

Substituting this controller into S(n,k,m,l), the following
closed-loop system S(2n, k +m, m +1, 0) results:

$=Ax+Bw, x=@B0, w=wTDT
_ _ : (82)
y=Cx, V=3"0p, p=07uY
- A BG - |D o
A=[FM Ac]’ B=1o F]

. [c o
C=[o G|’

~_[o o
Q—[O R] (8b)
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Given the noise characteristics of S(n,k,m,l), the steady-
state variance matrix for S(2n, k + m, m +/, 0) is known to be

- E. {7} = [X;P ﬂ ©)

X =limX()=E. {(5:-0)(5:— 0)7} =E, {xx } (10)

E., {(x—oxx—oﬂ}

where X is the solution of the steady-state Lyapunov equation
X(A+BG)T+ (A +BG)X+PMTV-MP =0  (11)
Also, coupling the definition of x in Eq. (8a) with Eq. (9) gives
X =limX () = E, {xxT} =X+P a2

The fdllowing facts, documented in Refs. 10-14, show that
the LQG control structure is extremely powerful in attacking
the SAS problem:

F1) Analytical expressions for E,y? and E.u? exist and re-
quire no additional major calculations beyond thosé of the
controller:

Ey? = [c@+DCT),,  i=l...k (13
and ii implies the ith diagonal element of the matrix
.} =[6XG];,  i=1,...m (14)

F2) A successive aproximation algorithm (LQGWTS) de-
veloped in Refs. 10, 13, and 14 can be used to adjust the
elements of Q and R so that the LQG controller achieves the
output specifications E.y? = o7, i = 1,. ..,k with minimal
power. That is,

n 5 .
EEmui =min

LQGWTS involves no gradient calculations or complex calcu-
lation beyond the LQG controller and is numerically tractable
for large systems as shown in Refs. 10, 13, and 14,

F3) A measure developed in Refs. 10 aiid 11 identifies the
effectiveness of each sensor and actuator in the present LQG
controller configuration. The mathematical expressions for
these effectiveness values are

Vi = mfPLPm;V;7! (15)
where m; is the ith column of M7, and

et = [G)‘(GTR],.,. - [BT& +L)BW], (16)
where W*is the partition of W corresponding to actuator noise
sources [w,(¢)], and L satisfies the following:

LA-PMTV- M)+ (A -PMTV-M)TL + GTRG =0

Facts 2 and 3 represent recent contributions to LQG theory.
Their derivations are in Ref. 10 but are omitted here for the
sake of brevity. However, Appendix A presents a brief sum-
mary of the weight-selection work, and Appendix B provides
a short discussion of the effectiveness values.

With the preceding background, the SAS problem addressed
in this paper can be mathematically stated.

SAS Problem Statement

Given: A system S(n,k,m,l) that has only m out of m
actuators and 7 out of / sensors available to design a steady-
state LQG regulator, which must achieve a set of output vari-
ances o2.
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Required: Specify the closed-loop system that satisfies the
following:
Lid
minEE.,,u,~2 subject to E,y? = o7, ¥i=1,....k (17)
i=1

1. SAS Algorithm
Before presenting the algorithm, two selection theorems and
some pertinent facts should be stated. .
Theorem 1: (Deletion of noisy actuators). For a system
S(n,k,m,l) regulated by the LQG controller defined in Eqs.
(7), the deletion of an actuator is not sufficient for ¥V(m —1)
>V (m), where

V(m) = the value of Eqs. (6) for a system S(n,k,m,l)
under LQG regulation

V(m —1) = the value of Egs. (6) for a system
S(n,k,m—1,l) under LQG regulation

The proof of Theorem 1 is given in Ref. 10. More specifi-
cally, Theorem 1 says it is possible for an LQG controller to do

better (i.e., maintain output specifications at a lower input

power) when a noisy actuator is deleted. This means that the
desired number of actuators in a control system might be less
than the allowable number (i.e., <m).

Theorem 2: (Deletion of noisy sensors). For a system
S(n,k,m,l) under the regulation of the LQG controller de-
fined in Eqgs. (7), deletion of a sensor cannot reduce the ¥ of
Eqgs. (6). i

Theorem 2 clearly says that noisy sensors never degrade the
performance of an LQG controller. The proof of this theorem
is contained in Refs. 10, 12, and 15. However, intuitively, it
makes sense because the LQG controller uses a Kalman filter,
and if a sensor is too noisy the Kalman filter essentially ignores
the information from that sensor. Therefore, Theorem 2 indi-
cates that the number of sensors in the controller design should
be 7 (i.e., the allowable number).

The following facts are important to the algorithm:

F4) Data in Refs. 10 and 16 show relative V7 and V"
rankings can change as functions of Q and R.

F5) Deleting sensors and actuators changes the Q and R
needed to achieve output specifications at minimal power.

F6) The results from Refs. 10, 11, 15, and 17 show that the
SAS problem is highly coupled and simultaneous SAS works
better than sequential selection.

F7) V" and V7 do not predict the loss of measurability or
controllability.

With these theorems and facts stated, the general flow of the
SAS algorithm can be outlined.

SAS Algorithm (General Flow)

1) Given the system S(n,k,m,l), specify the number of sen-
sors 7 (<) and actuators /m (72 <m) that can be used in the
controller design.

2) Run the subroutine LQGWTS for the full system
S(n,k,m,l). [LQGWTS selects the weighting matrices Q and
R so that the LQG controller enables the closed-loop system to
satisfy Eq. (17).]

3) With the resulting closed-loop system, calculate ¥*" and
Y3 for each sensor and actuator using Eqgs. (15) and (16).

4) Rank the actuators and sensors according to the alge-
braic value of ¥*" and V>,

5) Modify the current system to eliminate the lowest rank-
ing sensor and actuator and all others of ‘‘nearly’’ the same
ranking, if measurability and/or controllability of the system
are not disturbed.

6) If the appropriate number of actuators and sensors are
deleted (i.e., m —m and ! —1), stop. However, in light of The-
orem 1, fewer actuators than /# may be better, and actuator
deletion should continue until

m*

(1/m *)EEwu,-z (18)

i=1
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is no longer decreasing. [Nofe: m* is the number of actuators
currently in the design (m* <m), and Eq. (18) is the average
power per actuator.]

7) Run LQGWTS on the reduced system and return to
step 3.

Facts 4 and 5 dictate the order of steps 2, 3, and 4 in the
preceding general flow. More specifically, since the ranking of
effectiveness values can vary as a function of Q and R, the
effectiveness values should be based on the Q and R that
produce a closed-loop system satisfying Eq. (17).

Step 5 of the general flow results form facts 6 and 7. Caution
should be exercised in deleting sensors and actuators with
“nearly’’ the same effectiveness values since facts 4 and 5
indicate that any perturbation in the sensor and actuator con-
figuration can alter relative effectiveness rankings of the sen-
sors and actuators. Also, the requirement for checking mea-
surability and controllability is severe. However, as a result of
the work by Hughes and Skelton,'® the controllability and
measurability of systems in modal form (i.e., the form of the
telescope model in Appendix C) can be done by inspection for
systems of any dimension.

Theorems 1 and 2 provide the rationale for step 6. If 7
sensors are allowed, then according to Theorem 2, 7 sensors
should be used. Theorem 1 invalidates this philosophy for
actuators.

IV. Space Telescope Example

This section presents the results of the SAS algorithm when
applied to the model of a solar optical telescope. Before dis-
cussing the results, a brief model description is presented.

The solar optical telescope model was developed in 1980 by
the Charles Stark Draper Laboratory (CSDL) primarily to
provide a minimum complexity structure to evaluate LSS con-
trol design techniques. The outputs for the model are the tele-
scope line-of-sight (LOS) angles about the x and y axes (see
Fig. 1) and the focal length (defocus) of the lenses located at
the top and bottom of the telescope.

The 12 nodes shown in Fig. 1 represent the spatial locations
for 45 admissible sensors and 21 admissible actuators. Tables
1-3 provide specific type, location, direction, and label infor-
mation for the admissible sensors and actuators and also a
listing of the output specifications o.

CSDL used the program NASTRAN to develop data for the
first 44 mode shapes of the telescope and to provide location
information for the two sinusoidal disturbances S, and S,
shown in Fig. 1. The final design model chosen for this exam-
ple was a 10-mode, 20-state, linear stochastic model coupled
with a 2-mode, 4-state, linear stochastic model of the distur-

HEIGHT = 28m
Y

Fig. 1 Solar optical telescope.
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Table1 Telescope sensor description

J. GUIDANCE

Table 2 Telescope actuator description

Sensor Nodal
no. Type location Direction Label
1 Line-of-sight angle —_— X LOSx
2 Line-of-sight angle —_— Y LOS,
3 Defocus —_— _ Defocus
4 Linear displacement 1 Y Y1
S Linear displacement 1 VA Z1
6 Linear displacement 2 VA z2
7 Linear displacement 3 X X3
8 Linear displacement 3 Y Y3
9 Linear displacement 3 Z 73
10 Linear displacement 4 V4 Z4
11 Linear displacement 5 X XS5
12 Linear displacement 5 Y Y5
13 Linear displacement 5 Z z5
14 Linear displacement 6 Z Z6
15 Linear displacement 7 Y Y7
16 Linear displacement 7 Z z1
17 Linear displacement 8 Z z8
18 Linear displacement 9 VA 9
19 Linear displacement 10 Z Z10
20 Linear displacement 11 X X11
21 Linear displacement 11 Y Y11
22 Linear displacement 11 Z Z11
23 Linear displacement 12 Y Y12
24 Linear displacement 12 VA Z12
25 Linear rate 1 Y LRY1
26 Linear rate 1 z LRZ1
27 Linear rate 2 Z LRZ2
28 Linear rate 3 X LRX3
29 Linear rate 3 Y LRY3
30 Linear rate 3 VA LRZ3
31 Linear rate 4 VA LRZ4
32 Linear rate 5 X LRXS5
33 Linear rate 5 Y LRYS
34 Linear rate 5 z LRZ5
35 Linear rate 6 Z LRZ6
36 Linear rate 7 Y LRY7
37 Linear rate 7 Z LRZ7
38 Linear rate 8 Z LRZ8
39 Linear rate 9 VA LRZ9
40 Linear rate 10 Z LRZ10
41 Linear rate 11 X LRX11
42 Linear rate 11 Y LRY11
43 Linear rate 11 Z LRZ11
44 Linear rate 12 Y LRY12
45 Linear rate 12 VA LRZ12

bances [i.e., a model Sy (24,3,21,45)]. The development of
this model from the NASTRAN data is presented in Ref. 10.
The model data is in Appendix C.

The SAS problem for the telescope is as follows.

Telescope SAS Problem

Given: S (24,3,21,45) with only 12 actuators and 12 sen-
sors available for designing an LQG regulator to achieve the o
of Table 3.

Required: Specify the closed-loop system that satisfies Eq.
anm.

Table 4 shows the iterations of the SAS algorithm when
applied to the space telescope. Three observations are worth
noting. First, in iteration 1 of the algorithm, the measurements
of the outputs were deleted. This might appear disturbing, but
two things should be remembered: the algorithm guarantees
measurability of the system and the goal of the Kalman-Bucy
filter is to estimate the state of the system and not necessarily
the output. In the telescope example, the noise present on the
output measurements made them unattractive to the filter.
Second, despite sensor deletion, the average input value de-
creased from iterations 1-3. This is dramatic empirical proof
of Theorem 1 and indicates that the controller is more efficient
at holding the system outputs to specification with 19 actuators

Actuator (force) no. Nodal location Direction Label
1 1 Y FY1
2 1 V4 FZ1
3 2 VA FZ2
4 3 X FX3
5 3 Y FY3
6 3 Z FZ3
7 4 Z FZ4
8 5 X FX5
9 b Y FY5
10 5 Z FZ5
11 6 z FZ6
12 7 Y FY7
13 7 V4 FZ7
14 8 Z FZ8
15 9 z FZ9
16 10 Z FZ10
17 11 X FX11
18 11 Y FYl1l
19 11 Z FZ11
20 12 Y FY12
21 12 Z FZ12
Table3 Telescope specifications
Output Title Label Value
g1 Optical line of sight LOSyx 65.2s
02 Optical line of sight LOS, 65.2s
03 Defocus Defocus 0.001 mm
Ak
AN 4 LEGEND
‘ } A Linear Displacement Sensor
(Z direction)

A Linear Rate Sensor
(Y direction)

& Linear Force Actuator
{X direction)

Fig. 2 Telescope sensor and actuator configuration.

than it is with 20 or 21. Furthermore, the rise of average
actuator power at iteration 4 suggests that the optimal number
of actuators for this design lies between 19 and 15. Third, the
algorithm converged to a configuration in only 10 iterations.
A direct-search algorithm could have taken thousands of iter-
ations even with the aid of gradient calculations.

Figure 2 shows the sensor and actuator configuration chosen
by the SAS algorithm for the telescope example.

Some striking features of this data are no force actuators in
the x and y directions at the top of the telescope (i.e., nodes
5-12) and no sensors at the base of the telescope (i.e., nodes
1-4). It appears that the algorithm is making use of the tele-
scope’s rigidity in the z direction (i.e., LOS direction) and the
flexibility (i.e., motion sensitivity) of the telescope’s upper
panel in designing an efficient regulator. Several other 12-sen-
sor and 12-actuator configurations have been tested and none
performed as well as this configuration.!®
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Table 4 Telescope SAS algorithm results

LARGE SPACE STRUCTURE SENSOR AND ACTUATOR

Iteration
no.

Identified
sensor, V"

Identified
actuator, V3

Average
input value

Number
sen/act

1

Y3 (0.008197)
Y1 (0.008195)
LOS,(0.000015)
L.OSx(0.000002)
Defocus (0)

Z5 (0.02955)
27 (0.02955)

Y12 (0.03848)
Y7 (0.03848)
Y11 (0.03848)
Y5 (0.03484)

FX11 (~17.980)

FX5 (—8.796)

FY7 (—4.003)
FY12 (—4.003)
FY11 (—4.003)

FY5 (~4.003)

7.483

7.393

7.221

45/21

40/20

38/19
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Z2 (0.03835)
74 (0.03835)
Z1 (0.03570)
Z3 (0.03570)
76 (0.03460)
78 (0.08460)

4 Z10 (0.08602)
Z9 (0.08602)
X3 (0.08277)

5 LRY3 (0.10815)
LRY1 (0.10813)

6 LRZ7 (0.12273)
LRZ5 (0.11553)

7 LRZ1 (0.16805)
Z11 (0.16129)

LRZ6 (0.13838)

LRZ8 (0.13615)

8 LRX3 (0.2237)
LRZ2 (0.2191)
LRZ4 (0.2077)
LRZ3 (0.1960)
9 LRZ9 (0.47256)

10 —_—

FZ11 (- 4.8877) 7.789 28/15
FZ12 (—4.8877)

FZ9 (—5.414) 8.155 25/13
—_ 8.339 23/12

— 8.359 21/12

— 8.416 17/12

— 8.492 13/12
— 8.535 12/12

Table 5 Telescope performance

Output Actuator VExu?
no. VExy}? no. (minimum achievable)

1 (LOSx) 65.2 s 1(FY1) 0.0244 N
2 (LOSy) 65.2 s 2 (FZ1) 0.0303 N
3 (Defocus) S)  0.0002 mm 3 (FZ2) 0.0297 N
4 (FX3) 0.0324 N

5 (FY3) 0.0251 N

6 (FZ3) 0.0265 N

7 (FZ4) 0.0338 N

8 (FZ5) 0.0245 N

9 (FZ6) 0.0242 N

10 (FZ7) 0.0221 N

11 (FZ8) 0.0273 N

12 (FZ10) 0.0437 N

Table 5 shows the output specifications achieved by this
regulator and the root-mean-square (rms) power of each actu-
ator.

The rms power, expressed in Newtons (N), gives the controls
engineer actuator-sizing information for the controller design.
It also provides a measure of the importance of each actuator
in the controller. This information is useful in reliability and
redundancy considerations for the actuator configuration.

A final note is the value of the defocus output. The value
(0.0002 mm) is well below the o of 0.001 mm. This seems to
indicate that the controller is working too hard and less actua-
tor power would be required if the defocus operated at 0.001
mm. However, for this model, the defocus output is linearly
dependent upon LOS, and LOS, (i.e., the defocus output
could have been deleted from the model). The algorithm
LQGWTS looks for output dependency and assigns a zero
weighting to dependent outputs to delete them from the model.

V. Conclusion

In summary, the SAS algorithm aids the controls engineer in
specifying a sensor and actuator configuration for regulation
of large-scale, linear, stochastic systems. The algorithm uses
an LQG controller, an efficient weight-selection technique
based upon successive approximation, and a measure of sensor
and actuator effectiveness to specify a final sensor and actua-
tor configuration. This configuration enables the closed-loop
system to meet output specifications with minimal input
power. Also, the algorithm involves no complex gradient cal-
culations and has proven numerically tractable for large linear
models. This tractability is demonstrated by the space tele-
scope example presented in Sec. IV. Finally, the algorithm
provides the controls engineer with information on the impor-
tant design issues of actuator sizing, reliability, redundancy,
and optimal number.

Appendix A: LQG Weight Selection

The successive-approximation technique (LQGWTS) ad-
justs the diagonal Q and R matrices in the LQG controller
so that the closed-loop system satisfies variance constraints
on inputs, outputs, or both. The technique evolved through
Refs. 10, 13, and 14. This appendix presents a summary of
the LQGWTS’ theory applying to the minimum-power SAS
problem.

For the minimum-power problem, each iteration of the SAS
algorithm requires LQGWTS to design a closed-loop system
meeting output variance specifications, while minimizing actu-
ator power

m
Y Eou?
=
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LQGWTS does this by first setting R equalhto the identity
matrix. This allows the LQG controller to consider all actua-
tors equally and permits the term

m
Z:Em,u,-2
=

to appear directly in the cost function ¥V of Eq. (6), thus
insuring its minimization. LQGWTS then adjusts Q using the
following iterative equations:
g:() =1/67, i=1,...,k
@l +1) = [Eay? G/} g1,

pwr(j)=j—-1, ¥j>l

J=12,... (AD
pwr(l) =1,

where g; is the ith diagonal entry of Q, and j is the jth iteration
of LQGWTS.

The update expression in Eq. (A1) always adjusts g; in the
right direction. The exponent pwr(/) is used to speed up con-
vergence (i.e., increase step size). To prevent overshoot,
LQGWTS incorporates a descent function defined as

descent(j + 1) = max [Emy,?(i +1)/0? -1), 0] (A2)

If descent (j + 1)>descent(j), LQGWTS returns to the jth
iteration, resets the pwr function to 1 (i.e., the smallest step
size), and continues.

As mentioned in Sec. IV, LQGWTS checks for depen-
dent outputs and removes them from the model. The check
LQGWTS applies is

If g <€ /0y, then g; =0 (€ <1) (A3)
where setting g; =0 removes the ith output from the model.

When used for the telescope SAS example, LQGWTS con-
verged in 9 or fewer iterations for each iteration of the SAS
algorithm. The major advantage of LQGWTS is its lack of
cumbersome gradient calculations. Additionally, it has dem-
onstrated ‘“good’’ convergence properties on substantial prob-
lems in Refs. 10 and 12-14.

Appendix B: Actuator and Sensor Effectiveness Values

The effectiveness values in Eqgs. (15) and (16) are derived
from closed-loop input cost analysis (CICA) and closed-loop
output cost analysis (COCA). Both CICA and COCA are
extensions of component cost analysis (CCA) developed by
Skelton and co-workers in the late 1970’s and early 1980’s.
CICA and COCA, along with the sensor and actuator effec-
tiveness values, are discussed in detail in Refs. 10-12. This
appendix briefly presents the important details applying to the
telescope SAS problem.

The fundamental concept behind CICA and COCA is to
identify the contribution each input and output of Eq. (8) is
making to the cost functional ¥ of Egs. (6). With these contri-
butions identified, they are combined to determine the effec-
tiveness of each input and output to the control effort.

Using the closed-loop model [Egs. (8)], the following input
and output costs are defined:

Vi = ViE {85700/ duu) (B1)
which is the contribution ith control is making to V.
Ve = 2B {05700/ 6we)We ) ®2)
which is the contribution ith actuator noise is making to V.
Vi = V2B {(05700/3v)u;) (®B3)

which is the contribution ith sensor noise is making to V.
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Applying these definitions to the closed-loop model [Egs.
(8)) yields the following formulas:

ve=[GXGR],, i=1,...m (B4)

where the subscript # means /th diagonal element of matrix.
v =[BT+ LBWe]u, =1, .m (BS)
vi=[FILEv]e,  i=1,... (B6)

where the matrix L satisfies the following steady-state Lya-
punov equation:

L(A—FM)+ (A —FM)'L + GTRG =0 (B7)

Equations (B4-B6) and some useful properties are derived in
Refs. 10 and 11. These equations are the basis for V?* and V"
defined in Egs. (15) and (16).

As noted previously, V¥ represents the contribution that u;
is making to V. Since the function of LQG theory is to use u;
to minimize V (for a given Q and R), a large V} means that u;
is important to the minimization effort. Alternatively, the con-
tribution that the ith actuator noise source makes to V (¥a)
is clearly an undesirable contribution. These facts coupled
with additional rationale discussed in Refs. 10-13 produce

Vit= Ve (88)

Substituting Egs. (B4) and (B5) into Eq. (B8) gives Eq. (16). A
modification to Eq. (B8) accounting for constrained-actuator
power is presented in Ref. 10. A modification is also developed
in Ref. 19 to account for noise correlations.

As previously noted, V7 is the contribution that the ith sen-
sor noise source makes to V. Therefore, those sensors with
larger values for V! are contributing more noise to ¥ than
those with a smaller ¥V} and, at first glance, appear to be
candidates for deletion. However, the sensor measurements
for systems S(n,k,m,l) under LQG regulation are passed
through a Kalman-Bucy filter. One of the purposes of this
filter is to de-emphasize or throw out measurements that have
more noise than estimation information. Therefore, any noise
source ‘making a ‘‘large’’ contribution to ¥V comes from a
sensor that is making an even larger contribution to the estima-
tion information necessary to minimize V. Consequently, the
following effectiveness value is defined:

Visen = Viv (B9)

Substituting Eq. (B6) and the definition for F in Eq. (8) into
Eq. (B9) yields Eq. (15). Additionally, Ref. 19 presents a mod-
ification to Eq. (B9) accounting for noise correlations.

Appendix C: Telescope Model Data

This appendix presents the contents of the A, B, C, D, M,
W, and V matrices for the telescope model §(24,3,21,45).

Os 0O; Oy

¢ S O BE BE I,
A=|0s Q Opl, B = O |’ D= Os O, (C1)

0, 0 ¢ BR BR O,
C=[CE o2 CR 02] (C1)

CE 02 CR 02
M=|ME 0% MR 0? (€2)
0% ME 0% MR
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The terms in the preceding matrices are defined below:

Vi O O
- we Oy
W= o, wol V=10n V, On (€3)
p)
Oy Oy Vs 0 = Oq Iy
: —w2 =20
Table C1 The S matrix (8 X2) Og = null matrix with 8 rows
Column I; = 8x8 identity matrix
) w? = 8x 8 diagonal matrix of squared modal frequencies
Row 1 2. 20 = 8x 8 diagonal modal damping matrix
1 ~1.5105E—03 6.1789E — 03 w? = diag[0.835, 2.736, 3.971, 4.378, 7.746, 13.175,
2 8.0569E—04 —9.4151E—05 13.339, 59.112] (rad?/s?)
3 ~5.1719E~03  —7.4586E 04 20 = diag[0.00183, 0.00331, 0.00399, 0.00418, 0.00557,
4 1.0263E —03 1.4033E ~03 0.00726, 0.00730, 0.0154] {rad/s)
3 7.8788E—03  —5.0280E—03 S = 8x2 coupling matrix (defined in Table C1)
6 —3.0956E—03 —4.2834E-03
7  —3.5394E-03 —5.3071E-04 o -| @ 5
8 1.3823E—04  2.2141E-02 s T _w? =2,
Table C2 The BE matrix (8 X 21)
Column
Row 1 2 3 4 5 6 7
1 6.740E—05 ~1.520E — 03 —1.507E—-03 1.946E — 03 —~6.628E 05 1.521E-03 1.507E—03
2 —4.615E—-03 9.353E—-04 7.917E - 04 —~7.844E—-03 4.612E - 03 —9.354E-04 —7.911E-04
3 —2.582E—-04 —5.140E—-03 —~5.175E—-03 2.359E — 06 —~2.581E~04 —5.140E-03 —S5.175E—-03
4 —4.927E~-03 —7.887E—04 1.479E - 03 1.084E — 06 —4.930E-03 —7.889E — 04 1.480E —03
5 2.786E —04 7.798E ~ 03 7.885E—03 —7.174E-06 2.784E —-04 7.798E —03. 7.885E—03
6 1.557TE—-02 2.626E 03 —4.516E —03 —6.149E—05 1.558E—-02 2.607E —03 —4,546E —03
7 —-3.792E — 04 ~3.451E-03 —3.544E-03 1.705E-02 4.814E — 04 3.468E —03 3.514E-03
8 —6.065E —05 8.113E-05 1.475E—-04 4.850E —04 6.065E — 05 —8.125E~05 —1.471E—-04
8 9 10 11 12 13 14
1 —6.035E—-03 8.661E —05 -1.517E-03 —1.510E—03 —8.696E — 05 1.517E—-03 1.510E—03
2 —1.575E—-03 —4.944E—-03 9.175E—04 8.049E — 04 4.942E - 03 —9.180E — 04 —8.050E 04
3 —3.486E 08 —3.288E—04 —5.152E-03 —5.172E-03 —3.290E —- 04 —5.152E-03 —5.172E-03
4 ~4.465E - 09 ~3.893E - 04 —3.367E—04 1.026E —03 —3.896_E—04 —3.366E —04 1.027E - 03
5 1.040E — 07 4.498E — 04 7.831E--03 7.879E—03 4.502E — 04 7.831E-03 7.879E—03
6 2.331E—06 1.257E—-03 1.212E~03 —3.095E-03 1.250E -~ 03 1.190E —03 ~3.124E-03
7 —4.789E — 04 —5.916E—04 —3.473E~-03 —3.540E-03 5.986E — 04 3.481E—-03 3.519E 03
8 ~3.086E — 04 6.402E—05 9.512E—05 1.417E—04 —6.462E—05 ~9.552E-05 —1.408E - 04
15 16 17, 18 19 20 21
1 —1.522E-03 1.522E-03 —6.313E-03 8.542E—05 —1.504E—-03 —8.536E—05 1.503E —03
2 1.042E -~ 03 —1.043E-03 1.452E-02 —4.945E-03 6.931E—04 4.945E-—-03 —6.904E — 04
3 —5.132E-03 —~5.132E—-03 2.594E - 07 —3.290E - 04 —5.195E-03 —~3.290E - 04 —5.195E—~03
4 - 1.928E ~ 03 —1.929E-03 —3.986E —07 —3.892E—-04 2.61TE—03 —3.894E — 04 2:618E—-03
5 7.786E — 03 7.786E—03 —5.702E—-07 4.501E—-04 7.933E 03 4.504E —04 7.933E~03
6 6.250E—03 6.236E—03 —1.038E—-05 1.256E —03 —8.125E-03 1.248E—-03 —8.162E—03
7 —3.405E—-03 3.446E —03 1.473E =03 —5.928E—-04 —3.611E—-03 6.008E — 04 3.558E—03
8 6.075E—05 —6.123E—-05 —5.088E—-04 5.993E—-05 1.824E - 04 —5.937E-05 —1.824E—-04
Table C3 The BR matrix (2% 21)
Column
Row 1 2 3 4 5 6 7
1 4.931E - 06 3.908E — 06 —4.849E —06 0 . 4.931E—-06 3.908E — 06 —4.849E - 06
2 —4.576E 07 3.273E—-06 3.273E—-06 ~5.119E-06 4.576E — 07 —3.273E-06 —3.273E-06
8 9 10 11 ) 12 13 14
1 0 ~1.258E—05 2.156E —06 —3.097E—06 —1.258E—05 2.156E — 06 —3.097E 06
2 1.148E—07 —4.576E - 07 3.273E—-06 3.273E-06 4.576E — 07 —3.273E-06 —3.273E—06
15 16 17 18 19 20 21
1 8.286E — 06 8.286E — 06 0 ~1.258E—-05 —9.227E—-06 —1.258E—-05 —9.227E 06
2 3.273E-06 ~3.273E-06 1.296E —05 —4.576E—07 3.273E-06 4.576E —07 —3.273E-06
Table C4 The CE matrix (3% 8)
Column )
Row 1 2 3 5 6 7 8
1 —2.532E-07 —3.478E—-07 1.295E —~06 2.283E—04 6.032E - 06 —7.338E—-04 —2.296E — 06 1.021E—-06
2 3.253E-04 2.145E—-04 3.471E-07 —4,422E~07 1.066E — 06 6.735E—06 —8.727E-04 2.360E - 04
3 —5.025E—-08 1.100E — 06 5.215E - 06 2.761E—06 1.552E—-05 —1.016E-05 4.061E-07 4.992E 08
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Table C5 The CR matrix (3 X 2)

Column
Row 1 2
1 1 0
2 0 1
3 -0 0

w? =2x%2 dragonal matrrx of squared drsturbance
frequencies- .

20s =2X2 dlagonal dlsturbance dampmg matrix

w? = diag[3947.8, 986.96] (rad?/s?)

20; = diag[0.:1257, 0.0628] (rad/s)

T NI/

? N [02, 02]

& = telescope rigid-body rotational modes (6,,6,)

BE = 8% 21 matrix transpose of modal eigenvectors (de-
fined in Tabie C2)

BR =2X%21 matrix transpose of rlgrd body elgenvectors
(defined in Table C3) .

CE = 3 x 8 matrix of linear combinations of modal eigen-
vectors required by system output (defined in Table
C4)

0O'? = null matrix with 12 columns

CR = 3x2matrix of rigid-body contribution to system out-
puts (defined in Table C5) ‘

ME = 21 x 8 matrix of linear combinations of modal eigen-
vectors required by system measurements (defined in

v Table C6)

MR = 21 x 2 matrix of rigid-body contribution to system

measurements (defined in Table C7)
= (0.1)I; (N?), W°=(3.951; (\N?)
Vl = (0.6001)], (rad?), V,= (0.000001)L;, (m?)
V; =(1x 10—7)121 (mZ/SZ)
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